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DEFINITIONS

DEFINITION (GRAPHS)

A graph G is usually denoted by an ordered pair G = (V(G), E(G)), where
V(G) is the vertex sets and E(G) is the edge set.

FIGURE: The Petersen graph
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DEFINITIONS

DEFINITION (WEIGHTED GRAPHS)

A weighted graph G is usually denoted by an ordered triple
G = (MG), E(G), w) where w: E — R is the weight function. In

addition, we usually use w(G) = >  w(e) to denote the total weight of
ecE(G)
G.

FI1GURE: A weighted Petersen graph
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DEFINITIONS

DEFINITION (NEIGHBOURS AND DEGREES)

Let G be a graph and v a vertex in V(G). The neighbours of v are those
vertices which are adjacent to v, and the degree of v, denoted by dg(v), is
the number of neighbours of v.

DEFINITION (THE MAXIMUM DEGREE)

Let G be a graph. The maximum degree of G denoted by A(G) is the
maximum degree over all vertices, i.e., A(G) = max{dg(v) : ve V(G)}.

DEFINITION (CUBIC AND SUBCUBIC)

A graph is subcubic iff A(G) < 3, and cubic iff the degree of any vertex
equal three.
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CuTs, BISECTIONS AND THEIR VALUES (OR WEIGHTS)

DEFINITION

A cut of a weighted graph G = (V, E, w) is a partition of the vertex set V
into two disjoint subsets X and Y. The weight of the cut, denoted by
w(X,Y), refers to the sum of the weights over all edges between (i.e.
edges with one endpoint in each partite set).

DEFINITION

A bisection of G is a cut (X, Y) where the cardinality of X and Y differs by
at most one.
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LOWER BOUNDS FOR CUTS AND RANDOM COLORINGS

The following is a well known result in graph theory by Erdds.
THEOREM ([P. ERDOS, 1965])

. _ . : w(G)
Every weighted graph G = (V, E, w) has a cut with weight at least =5*.

PROOF.
State on the white board. ]
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BISECTIONS OF WEIGHED COMPLETE GRAPHS

Every graph can be seen as a weighted complete graph.

LEMMA

Let G= (V, E,w) be a weighted complete graph with n vertices. Then, G
has a bisection with weight at least 2(,77”_1)1/\/(G) when n is even and

2ELw(G) when n is odd.

PROOF.
State on the white board. ]
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VERTEX COLORING

DEFINITION (VERTEX COLORING)

A k-vertex-coloring of a graph G is a partition of the vertex set into k
disjoint subsets such that there is no edge between any two vertices with
the same color. A graph is said to be k-vertex-colorable if G has a
k-vertex-coloring. The chromatic number x(G) of a graph G refers to
smallest positive integer k such that G is k-vertex-colorable.

FIGURE: The Petersen graph
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MAXIMUM CUTS AND CHROMATIC NUMBER

THEOREM ([L. ANDERSON, D. GRANT AND N. LINIAL, 1983,
J. LEHEL AND Zs. Tuza, 1982, S. LOCKE, 1982])

Let G= (VG), E(G),w) be a weighted graph and x = x(G). Then, G
admits a cut of weight at least XZ—ZIW( G) when x is odd and ﬁw( G)
when x is even.

PROOF.
State on the white board. ]

X(G) < A(G) +1
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MAXIMUM CUTS AND CHROMATIC NUMBER

THEOREM ([L. ANDERSON, D. GRANT AND N. LINIAL, 1983,
J. LEHEL AND Zs. Tuza, 1982, S. LOCKE, 1982])

Let G= (VG), E(G),w) be a weighted graph and x = x(G). Then G
admits a cut of weight at least X2+1 w(G) when x is odd and 2( W( G)
when x is even.

PROOF.
State on the white board. ]

1

By Brook's theorem™, we have the following holds.

COROLLARY

Let G= (VG), E(G), w) be a weighted graph. If A(G) < k, then there

exists a cut of weight at least ;X w(G) if k is odd and 2(,(:-_31) w(G) if k is
even.

X(G) < A(G) +1
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OUR CONJECTURE AND PAST RESULTS

CONJECTURE
([S. GERKE, G. GUTIN, A. YEO AND Y. ZHOU, 2024+])

Let G= (VG), E(G), w) be a weighted graph. If A(G) < k, then there

exists a bisection of weight at least 52 w(G) if k is odd and 2( k +1) w(G) if
k is even.
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OUR CONJECTURE AND PAST RESULTS

CONJECTURE
([S. GERKE, G. GUTIN, A. YEO AND Y. ZHOU, 2024+])

Let G= (VG), E(G), w) be a weighted graph. If A(G) < k, then there

exists a bisection of weight at least 52 w(G) if k is odd and w(G) if

: 2(k+1)
k is even.

THEOREM ([B. BOLLOBAS AND A. ScoTT, 2004])

Let G= (VG), E(G)) be a graph. If G is k-regular, then there exists a
bisection of size at least kH =|E(G)|.

YaconG ZHou (RHUL) LowER BOUNDS FOR MAXIMUM WEIGHT Br 20TH MARCH 2024 11 /26



OUR CONJECTURE AND PAST RESULTS

CONJECTURE
([S. GERKE, G. GUTIN, A. YEO AND Y. ZHOU, 2024+])

Let G=(VG), E(G), w) be a weighted graph. If A(G) < k, then there
ix{sts a bisection of weight at least "2 w(G) if k is odd and %W( G) if
is even.

THEOREM ([B. BOLLOBAS AND A. ScoTT, 2004])

Let G= (VG), E(G)) be a graph. If G is k-regular, then there exists a
bisection of size at least %|E( G)|.

THEOREM ([C. LEE, P. LoH AND B. SubpAkov, 2013])
Let G= (VG), E(G)) be a graph. If A(G) < k, then there exists a
bisection of size at least 52| E(G)| — @ if k is odd and

K(k+2) rp -
2(k/:31)‘E(G)! - (I ) if k is even.

= = = = =
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EDGE COLORING

DEFINITION (EDGE COLORING)

A k-edge-coloring of a graph G is a partition of the edge set into k disjoint
matchings. A graph is said to be k-edge-colorable if G has a
k-edge-coloring. The chromatic index x/(G) of a graph G refers to smallest
positive integer k such that G is k-edge-colorable.

A\

FIGURE: The Petersen graph
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A USEFUL LEMMA

We say that B € B,(G), if B is the union of vertex-disjoint bipartite
subgraphs B;'s (not necessarily connected) of G with partite sets (Xj, Y;)
where G[Xj] and G[Y;] have no edges and |Xj| = |Yj|.

LEMMA

Let G= (V, E,w) be a weighted graph and B € By(G). Then, G has a

bisection with weight at least M,

PROOF.
State on the white board. O

YaconG Zrou (RHUL) LowER BOUNDS FOR MAXIMUM WEIGHT Br 20TH MARCH 2024 13 /26



MAXIMUM BISECTIONS AND CHROMATIC INDEX

Since any matching M of G is clearly in B,(G), we have the following
corollary.

COROLLARY

Let G= (V, E,w) be a weighted graph and M its maximum weight

matching. Then, G has a bisection with weight at least M

THEOREM

Every weighted graph G = (V, E, w) has a bisection with weight at least
X' (G)+1 (G)
2x'(G) :

PROOF.
State on the white board. O
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BOUNDS FOR MAXIMUM WEIGHT BISECTION

OF GRAPHS WITH EVEN MAXIMUM DEGREES

The following bound for chromatic index is known as Vizing's Theorem.
THEOREM ([V. G. VIZING, 1964])

For any simple graph G, A(G) < X'(G) < A(G) + 1.

COROLLARY

Let k be a positive integer. Any weighted graph G with A(G) < k has a
bisection with weight at least

k+2

2tk 1))

In particular, the conjecture holds when k is even.
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BouUNDS FOR MAXIMUM WEIGHT BISECTION

WHY WE CANNOT SOLVE THE ODD CASE WITH EDGE COLORING?

CONJECTURE
([S. GERKE, G. GUTIN, A. YEO AND Y. ZHOU, 2024+])
Let G= (VG), E(G), w) be a weighted graph. If A(G) < k, then there

ix{sts a bisection of weight at least “1w(G) if k is odd and %w( G) if
is even.
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CONNECTED COMPONENTS, TREES AND FORESTS

@ A graph is connected if between any two vertices there is a path.
Connected components of a graph are maximal connected subgraphs
of it.

@ A tree is a connected graph with no cycle.

@ A forest is a graph of which all connected components are trees.
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CONNECTED COMPONENTS, TREES AND FORESTS

@ A graph is connected if between any two vertices there is a path.
Connected components of a graph are maximal connected subgraphs
of it.

@ A tree is a connected graph with no cycle.

@ A forest is a graph of which all connected components are trees.

THEOREM

Trees are bipartite.
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CONNECTED COMPONENTS, TREES AND FORESTS

@ A graph is connected if between any two vertices there is a path.
Connected components of a graph are maximal connected subgraphs
of it.

@ A tree is a connected graph with no cycle.

@ A forest is a graph of which all connected components are trees.

THEOREM
Trees are bipartite.

THEOREM

Let F be a forest and c(F) the number of connected components in F.
Then,

|E(G)| = [V(G)| = «(F).
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BouUNDS FOR MAXIMUM WEIGHT BISECTION

OF GRAPHS WITH MAXIMUM DEGREE THREE

LEMMA

If F is a forest with at most |V(F)|/2 edges, then there is a biparite
subgraph B € By(F) such that E(B) = E(F).

PROOF.
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BOUNDS FOR MAXIMUM WEIGHT BISECTION

OF GRAPHS WITH MAXIMUM DEGREE THREE

LEMMA

If F is a forest with at most |V(F)|/2 edges, then there is a biparite
subgraph B € By(F) such that E(B) = E(F).

PROOF.

Let ¢(F) be the number of connected components in F, m; the number of components
with i edges and t the maximum size of a component in F. Since F is a forest

[ECFY| = V)] = o) [VCF)/2 which implies that [V(F) /2 < (F) = 2L .

Zl“ m; = |E(F)| < [V(F)|/2 < me,

which implies ¢, mi(i— 1) < mo, and therefore we have enough isolated vertices to
use. O
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BouUNDS FOR MAXIMUM WEIGHT BISECTION

OF GRAPHS WITH MAXIMUM DEGREE THREE

DEFINITION

For any integer k > 0, a k-bisection of a graph G is a bisection (X, Y)

where every component in G[X] U G[Y] is a tree with at most k vertices.
Mattiolo and Mazzuoccolo showed the following result.
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BouUNDS FOR MAXIMUM WEIGHT BISECTION

OF GRAPHS WITH MAXIMUM DEGREE THREE

LEMMA ([D. MATTIOLO AND G. MAZZUOCCOLO, 2021])

Every cubic multigraph has a 3-bisection.

LEMMA
Every weighted cubic multigraph G has a bisection (X, Y) such that the
following holds.
(1) GIX]U G[Y] is a forest;
(1) |(X,Y)| attains the maximum value among all bisection that
satisfy (1);

(1) A(G[X]) <1 and [E(G[Y])| < |Y]/2.

PROOF.
State on the white board. ]

= = = = =
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BouUNDS FOR MAXIMUM WEIGHT BISECTION

OF GRAPHS WITH MAXIMUM DEGREE THREE

THEOREM
([S. GERKE, G. GUTIN, A. YEO AND Y. ZHOU, 2024+])
Every weighted subcubic graph G has a bisection with weight at least

2(G).
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SKETCH OF THE PROOF

We may assume that G has at most one vertex with degree not equal to 3

as we may add edges of weight 0 between any two vertices with degree
less than 3. We consider three cases.
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SKETCH OF THE PROOF

We may assume that G has at most one vertex with degree not equal to 3
as we may add edges of weight 0 between any two vertices with degree
less than 3. We consider three cases.

Q@ Giis cubic.
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SKETCH OF THE PROOF

We may assume that G has at most one vertex with degree not equal to 3
as we may add edges of weight 0 between any two vertices with degree
less than 3. We consider three cases.

Q@ Giis cubic.

@ G has one vertex with degree one, say dg(z) = 1.
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SKETCH OF THE PROOF

We may assume that G has at most one vertex with degree not equal to 3
as we may add edges of weight 0 between any two vertices with degree

less than 3. We consider three cases.
@ Gis cubic.

@ G has one vertex with degree one, say dg(z) = 1.
@ If G has a vertex with degree two, say dg(z) = 2.
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TRIANGLE-FREE SUBCUBIC GRAPHS (2-CONNECTED)

THEOREM
([S. GERKE, G. GUTIN, A. YEO AND Y. ZHOU, 2024+])

Every bridgeless triangle-free subcubic graph G has a bisection with weight

_ 613
at least 0 - w(G), where 0 = gez ~ 0.716959.
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TRIANGLE-FREE SUBCUBIC GRAPHS (ALL CASES
EXCEPT A CLAW)

THEOREM
([S. GERKE, G. GUTIN, A. YEO AND Y. ZHOU, 2024+])

Every triangle-free subcubic graph G, different than the claw, has a
bisection with weight at least 6 - w(G).
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A CONJECTURE

CONJECTURE
([S. GERKE, G. GUTIN, A. YEO AND Y. ZHOU, 2024+])

Every triangle-free subcubic graph G, different than the claw, has a
bisection with weight at least 1z - w(G).
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Thank you for your attention!
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